GENERALIZED g -BOSON ALGEBRAS AND THEIR 
INTEGRABLE MODULES 



AKIRA MASUOKA 

Abstract. We define the generalized q-boson algebra B associated to a pair 
of Nichols algebras and a skew pairing. We study integrable £S-modules, gen- 
eralizing results by M. Kashiwara and T. Nakashima on integrable modules 
over a q-boson (Kashiwara) algebra. 



0. Introduction 

As was realized by Andruskiewitsch and Schneider (see |ASj ). the notion of 
Nichols algebras gives a sophisticated, 'coordinate-free' viewpoint to study quan- 
tized enveloping algebras and associated objects. This paper aims to clarify from 
that viewpoint what happens to g-boson (Kashiwara) algebras and their modules. 

Let U q denote the quantized enveloping algebra associated to a symmetrizable 
generalized Cartan matrix A, and assume that q is transcendental over Q. To study 
crystal bases of U q , Kashiwara [K] introduced the q-boson (Kashiwara) algebra B q , 
and proved that the minus part U~ is naturally an integrable left -B^-module (the 
Verma module), and is in fact simple as a i? g -module. He also announced without 
proof that every integrable left i? g -modules is isomorphic to the direct sum of some 
copies of Uq] see [Kj Remark 3.4.10]. A proof of this fact was given later by 
Nakashima [N], who introduced the extremal projector for the purpose. Tan [Tan! 
Proposition 3.2] formulated the same result in the generalized situation when A is 
a symmetrizable Borcherds-Cartan matrix, and gave a proof. But, his proof and 
even formulation are incomplete, I think; see Remark 14.61 

As was shown in [Ml] . U q can be constructed as a cocycle deformation of a 
simpler, graded Hopf algebra. In |M2j . this construction was generalized in the 
context of (pre-) Nichols algebras, and as its special case, the construction of U q 
by generalized quantum doubles, as was given by Joseph Q], was explained; see 
also |RSj . Recall that this last construction works, when we are given data R, S, r. 
Here, R = ®^ =0 R(n), S = ®^L '-' ( n ) are Nichols algebras (see [AS] ), a sort 
of braided graded Hopf algebras, in the braided tensor categories j3^P, ^yT>, 
respectively, of Yetter-Drinfeld modules, where J, K are (ordinary) Hopf algebras 
with bijective antipode. As their bosonizations, we have the graded Hopf algebras 
R xi J, SxK. The r above is a skew pairing (Rx J) ® (S x K) — > k such that 
r(R(n)®J, S(m)(£)K) = if n ^ m. In this paper, given such R, S, t, we define the 
generalized q-boson algebra B (see Definition [371]) , and prove for this, the result by 
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Kashiwara [K] and Nakashima [N] cited above, under the assumptions that R(l), 
5(1) are finite-dimensional, and r is non-degenerate, restricted to i?(l) (8)5(1). We 
formulate the result as a category equivalence 

0{B) S3 Vec 

between the integrable left S-modules and the vector spaces; see Theorem 13.131 
The original result is recovered if we suppose that Rx J — U^°, S xi K = U^°, 
and t is the Killing form given by Tanisaki |Tsj . It is a key for us to identify B with 
the generalized smash product i?#5 associated to r, which enables us to define a 
natural representation p : B = i?#5 — > End(i?) of B on R; see Proposition 13.41 
It is not difficult to prove that p is injective, and its image is dense in End(i?). 
The latter immediately implies that R, regarded as a left S-module (the Verma 
module) by p, is simple; see Theorem 13.61 As its completion, p extends to an 
isomorphism B End(i?) of (complete) topological algebras. We will define the 
extremal projector in B (see Definition 13 . 1 5() , which will play an important role to 
complete the proof of our main result. 

Our main result cannot apply directly to Tan's situation, in which the matrix A 
may not be finite, because R(l), 5(1) then are not necessarily finite-dimensional. 
But, we will refine Tan's result cited above, by slightly modifying the definition of 
O(B) and the proof of our main result; see Theorem l4.ll The main result will also 
apply to the special situation in which A is of finite type, q is a root of 1, and U q is 
replaced by a finite-dimensional quotient, u q , called the Frobenius-Lusztig kernel. 
The associated B is then seen to be a finite-dimensional simple algebra which is 
isomorphic to End(i?) via p{= p); see Section l4~4l 

Preceding Sections 3, 4 whose contents were roughly described above, Sections 
1, 2 are devoted to showing preliminary results on braided Hopf algebras and skew 
pairings. 

1. Preliminaries on braided Hopf algebras 

Throughout this paper we work over a fixed field k, whose characteristic may be 
arbitrary except in the last Section 4. 

1.1. Let J be a Hopf algebra. We denote the coalgebra structure by 

(1.1) A = Aj : J — >J®J, A(a) = ai(8a 2 ; e : J — ► k, 

and the antipode by S = Sj in script. We assume that S is bijective, and denote 
the composite-inverse by 5, which will be called the pode of J. Let j^X* denote 
the braided tensor category of Yetter-Drinfeld modules over J; see |Mo[ p. 213]. 
Let V G jyD. Thus, V is a left J-module, whose action will be denoted by 
a — v (a G J, v G V). It is at the same time a left J-comodule, whose structure 
will be denoted by 

(1.2) 9:V — >J®V, 6{v)=vj®v v , 
and satisfies 

8 (a — v) = aiVjS(a 3 ) (8 (a 2 — vy) (a G J, v G V). 
The category jyT> has the obvious tensor product and the braiding given by 

(1.3) c = c v ,w ■ V ® W -=-> W ® V, c(v (8 w) = (vj w) ® vy, 
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where W is another object in j~yD, The inverse of c is given by 
(1.4) c^ 1 (w <g) v) = v v <8> (S(vj) 10). 



1.2. Since jiVZ? is braided, (graded) bialgebras or Hopf algebras in jyT> are defined 
in the natural manner, which are called with the adjective 'braided' added. Let 
V G jyT>, as above. The tensor algebra T(V) of V turns uniquely into a braided 
bialgebra in jyT>, if each element v G V is supposed to be primitive so that A(v) = 
v ® 1 + 1 <g> v. In fact, T(V) is a braided graded Hopf algebra in jyV with respect 
to the obvious grading. Here and in what follows, gradings mean those by N = 
{0, 1, 2, • • • } unless otherwise stated. A pre-Nichols algebra [M2] of V is a quotient 
T(V)/I of T(V) by some homogeneous bi-ideal (necessarily, Hopf ideal) I in J j~yD 
such that InV = 0. In other words, it is a braided graded bialgebra R — ®^L R(n) 
such that 



The condition p.5p implies 

(V =)i?(l) C P(R) := {all primitives in R}, 

and that i? is a braided (graded) Hopf algebra. A pre-Nichols algebra T(V)/I = R 
of V is said to be the Nichols algebra [ASj of V, if / is the largest possible, or 
equivalently if R(l) = P(R). 

1.3. Let R = ®^° =0 -R(«) be such a braided graded Hopf algebra in jyT> that 
satisfies (( 1 . 5|) . To distinguish from the ordinary (or trivially braided) situation, we 
denote the coproduct of R by 



By Radford's biproduct construction (or bosonization), we have an ordinary Hopf 
algebra, 



This is denoted by R x J in [RJ, and by i?#J in [ASj and others; our notation is 
due to Shahn Majid. As a vector space, A equals R® J; an element r a in A will 
be denoted simply by ra. A has the unit 1 • 1(= 1 ® 1) and the counit £®e, while 
its product and coproduct are given respectively by 

(ra)(sb) — r(ai s)(a 2 &) 
A(ra) = r (1) (r (2) jai) ®r (2)R a 2 , 

where r, s G R, a, b G J. Especially, if v G -R(l), then v G P(R), whence 

(1.8) &a(v) =V®1 + Vj®Vr. 

Notice that A is a graded Hopf algebra with A(n) — R(n) eg) J. Since by (|1.5p . the 
coradical of A is included in J = A(0), A has a bijective antipode. 

Let ,A cop denote the algebra A which is given the coproduct A cop (a) = a 2 <8> 
ai (a G ^4) opposite to the original one. By the original counit and grading, A cop 
is a graded Hopf algebra with bijective antipode Sa- The original Hopf algebra 



(1.5) 
(1.6) 
(1.7) 



R(0) = k, 
R(l) = V, 
R is generated by R(l), 



Afl(r) = r (1) ® r (2) (r G i?); cf. JTHJ). 



.4 = i? X J. 
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projection e ig) id : A — R® J ^ J gives a Hopf algebra projection _4 cop — > J cop , 
which we call it. Let 

(1.9) R = {aeA cop | (id®7r) o A cop (a) = a <g> 1} 

denote the (left coideal) subalgebra of _4 cop consisting of all right J cop -coinvariants 
along 7r. By Radford [R] . i? forms a braided graded Hopf algebra in j CO p3^2? such 
that RxiJ co p = A cop . 

Proposition 1.1. Let S, S denote the antipode and the pode of A, respectively. 

(1) ~R = S{R) = S(R). 

(2) R is in j CO pyT> with respect to the structure given by 

a co P g( p j := s( a -» r), 
5(r)^5(rj)®5(rfl), 

where r £ R, and a £ J wii/i copy a cop £ J cop . 

(3) The coproduct of R is given by 

A«(5(r)) = 5(5(r (2) j) - r (1) ) ® S(r (a)fl ). 
where r £ R. 

Proof. It is easy to prove (1). The remaining (2), (3) follow from O Theorem3]. 
To see (3), notice that the coproduct A^(5(r)) of A is given by 

(1.10) A A (S(r)) = S(r (2)R ) ® 5(5(r (2)J1 ) - r (1) )S(r (2)J2 ). 

□ 

Proposition 1.2. FFif/i £/ie same notation as above, set V — R(l) in j3^P, and 

y = R(i) in jlZyv. 

(1) y = ,s(y) = 5(y). 

(2) R is a pre-Nichols algebra (resp., the Nichols algebra) of V if and only if 
R is a pre-Nichols algebra (resp., the Nichols algebra) ofV. 

Proof. Part (1) and the assertion on 'pre-Nichols' in (2) follow by Proposition ll.il 
while the assertion on 'Nichols' follows since we see directly that S induces an 
isomorphism 

(1.11) P(R)^P(R). 

See also the last part of the following subsection. □ 

1.4. Let V £ jyT>. Since J cop = J as an algebra, V may be regarded as a left 
J cop -module, which we denote by V 1 . Then, V 1 turns into an object in jcop^yD with 
respect to the modified comodule structure v i— > S(vj) ® vy . Moreover, V i— > V - * 
gives a category isomorphism faT) jcopJ^C, which is involutive in the sense 
V u — V. This is a variation of (and is in fact essentially the same as) the isomor- 
phism jyv-=^ J jZyv given by Radford and Schneider |RS[ Section 2]. 

Suppose that R — (R, to, A) is a braided bialgebra in jyT> with product m and 
coproduct A. Give on R l the opposite product to* defined by 

to* (r ® s) := m(s ® r) (r, s £ R), 

and the coproduct A* defined by 

A* := two^^ o A, 
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where c^ R is such as given by (11. 4j) . and tw denotes the twist map r ® s i— » s ® r. 
Explicitly, 

(1-12) A t (r) = (5(r (2)J )-r (1) )®r (2)K (r G R). 

Proposition 1.3. (1) Given the same unit and counit as the original ones, 
R* = (i? 4 , A*,m*) is a braided bialgebra in J j Q o v yD. 
(2) We have R u = R, P(R) = P(R t ). 

Proof. (1) As is explained in |RS[ Section 2], the category isomorphism 
F : jyV^jTalyV, F(V) = V 1 is tensorial with respect to id : k -> k = F(k), 
c w ,v o tw : F(V) <g> F(W)-=->F(V <g> W). Therefore, is a braided bialgebra 

in j Cop [yi?. Our R* is the braided opposite to F(R). 

(2) This is directly verified. □ 

Obviously, this result is generalized to braided graded bialgebras. 

Proposition 1.4. Suppose that we are in the same situation as in Propositions 

OH 

(1) R is a pre-Nichols algebra (resp., the Nichols algebra) of V if and only if 
R is a pre-Nichols algebra (resp., the Nichols algebra) ofV t . 

(2) The pode S of i? xi J gives isomorphisms 

R — > R , R t — > R 
of braided graded Hopf algebras in J jyD, and in "j^yD, respectively. 

Proof. (1) This follows from Proposition 1 1.31 (2). 

(2) This follows from Proposition O (2), (3) and ([132]) . □ 

Part (2) above refines the isomorphism given in (jl.lip . more conceptually. 

1.5. For a vector space X, we let X* = Hom(X, k) denote the linear dual, and 
( , ) : X* x X — > k the evaluation map. 

Let J° denote the dual Hopf algebra |Swi Section 6.2] of J, which also has a 
bijective antipode. If V G 'jyD is finite-dimensional, V* is in jlyD with respect 
to the structure p — 1 v* , v* i— > i>} fy» determined by 

(p v*,v) = {p,vj)(v*,v v ), 
(v}o,a}(Vv*,v) = (v*,a-- v), 

where v G V, v* G V* , a G J, p G J°, Moreover, V i— > gives a braided tensor 
contravariant-functor from the finite-dimensional objects in j^D to those objects 
in jo yT>, where the tensorial structure is given by the canonical isomorphisms 
k fc*, ® T4^* -^(V ® W)*. 

Let R = 0^L O ^(") be a braided graded Hopf algebra in jyV such that R(0) = 
k. Following [Sw[ Section 11.2], we define the graded dual R 9 of R by 

oo 

R g = ($R(ny. 

n=0 

This is a subalgebra of the dual algebra R* of the coalgebra R. 

Assume that R is locally finite |Sw[ ibidem] in the sense that each component 
R(n) is finite-dimensional. Since each R(n)* is then an object in jlyD, R 9 is, too. 
We see now easily the following. 
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Lemma 1.5. Under the assumption above, R 9 is a braided graded Hopf algebra in 
jlyV such that R 9 (0) = k. 

1.6. Given distinct Hopf algebras J, K with bijective antipode, suppose V G 'j'YD , 
W e^yV. A linear map ip : V —* W is called a map of braided vector spaces if 
there is a Hopf algebra map <fi : J — > K with which ip is 0-linear and colinear |RS] 
in the sense that 

(1.13) ip(a^v) = <f>(a) ^ ip(v), 

(1.14) <p(vj) <S>ip(v v ) = ip(v) K ®i>(v)w, 

where a £ J , v £ V . In this case, to specify 4>, we will say that ip is attended by 
(p. Notice that ip then preserves the braiding in the obvious sense. The definition 
above extends in the obvious way to braided (graded) bi- or Hopf algebras. For 
example in the situation of Lemma ll.5[ the canonical isomorphism R ^^>(R 9 ) 9 is a 
map of braided graded Hopf algebras, attended by the canonical Hopf algebra map 
J^(J°)°. 



2. Skew pairings on pre-Nichols algebras 

2.1. Let A, A be vector spaces. Given a linear form t : A ® A — > k, we denote 
the adjoint linear maps by 

T l : A^A*, r l (a)(x) =r(a,x), 
r r : A-^A*, T r {x)(a) = T(a,x), 

where a £ A, x S X. For subspaces B C A, V C X, we let 

tby := t -B <8> Y — > fc 

denote the restriction. 

Suppose that A, X are Hopf algebras with bijective antipode. A linear form 
t : A <g> A — > fc is called a sfew pairing DT , Definition 1.3], if 

r(a6, x) = r(a, xi)r(6, xa), 
r(a,xy) = r(ai, y)r(a 2 , x), 
r(l,x) = e(x), r(a, 1) = e(a) 

for all a, 6 € A, x, y £ X, or equivalently if t 1 gives a Hopf algebra map ^4 cop — > A°, 
or equivalently if t'' gives a Hopf algebra map A — > (A cop )°. A skew pairing r 
necessarily has a convolution-inverse r _1 , such that 

r~ 1 (a,x) = r(«S(a),x) = r(a, <S(x)) (a 6 A, x G X). 

2.2. In what follows until the end of Section 3, We will work in the following 
situation. First, let J, K be Hopf algebras with bijective antipode, and suppose 
that a skew pairing to : J <8> K — > fe is given. Next, let V G j3^, VF £ f}'!', and 
suppose that n : V ® IF — > fc is a linear form such that 

(2.1) Ti(a^v,w) = T (a,w K )Ti(v,ww), 

(2.2) n(v,x w) = t (vj,S(x))ti(v v ,w) 

for all a G J, x G A, v G F, «; G W. If W is finite-dimensional, these last conditions 
are equivalent to that t[ gives a map V t — > IF* of braided vector spaces, attended 
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by Tq : J cop — > K°. Similarly we have another equivalent condition if V is finite- 
dimensional; see |RS[ Proposition 4.2]. Finally, let R, S be pre-Nichols algebras of 
V, W, respectively. 

Proposition 2.1. To, t\ extend uniquely to a skew pairing r : (i? xi J)(£)(S X K) — » 
k such that 

(2.3) r(a,w) = = t(v,x) 

for all a £ J, x E K, v eV, w e W. 

Proof. This follows by M2 Theorem 5.3] if we take our ti(v,w) as —X(w,v) in 
[M2] , See also (ESI Theorem 8.3]. □ 



Conversely, if r is a skew pairing which extends To, and satisfies (|2.3|) . it restricts 
to the linear form tvw which satisfies (|2.1I) (|2.2|) , as is easily seen. In what follows 
we keep to denote by r the skew pairing as above. 

Lemma 2.2. If a <E K . x G if, r, r' G i?, s, s' G 5, i/ien we /lave 

(2.4) r(ra, sx) = r(rj, xi)r(r fl , s)r(a, x 2 ), 

(2.5) T(r,ss') = T(r (1) ,s')T(r (2) ,s), 

(2-6) T(rr',s) = T(r,S(s {2 ) K ) S(i))r(r' ,s {2)s ), 

Proof. We reach these formulae by proving the following, step by step. 

r(a, s) = e(a)e(s), r(r, cc) = e(r - )e(x), 

(2.7) r(ra, s) = £(a)r(r, s), 

(2.8) r(r,sx) = T(rj,x)T(r R ,s), 
To prove ((231) . notice from (|2~8|) that 

r(r, x s) = T(rj,S(x))T(r R) s). 

□ 

Lemma 2.3. Let 5 denote the pode of Rxi J. If a G J, x € if, r, r' G i?, s, s' G S, 
i/ien we /iawe 

(2.9) T{S(r)a,sx) = r(S(r),s)T(a,x), 

(2.10) r(S(r)S(r'),s) = r(S(r), s {1) )r(S(r'), S(2) ), 

(2.11) r(5(r), SS ') = r(3(3(r (2)J ) - r (1) ), S )r(S(r (2)R ), «')• 
Proof. Suppose v G V. Then, = — wy5(uj). By (|2.8p . we see 

(2.12) t(S(v),sx) = -s(x)t(v, x), 
It follows by induction on n that if v , ■ ■ ■ , v n G V, then 

(2.13) r(5(^) • • -S(v n ), sx) = (-l)" £ (x)r(« 1 , S(1) ) • • • r(v n , s (n) ). 

This implies ((279]), (|2~T0l) ; recall here ([L7]). We see that (j2~TT|) follows from (fTTTOll . 



UM. □ 

Recall from O that i? = S(R) in i? x J. 

Corollary 2.4. (1) r is non- degenerate if and only if and 7"o(= tjk") o,re 
both non-degenerate. 
(2) r(i?(n) <g> J, 5(m) ®K)=Qifn^m. 



s 
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Proof. (1) This follows by lpj|) . 
(2) One sees from (f2TT3|) that 

(2.14) T(R(n), S(m)) = if rc^m. 

Since eg) J = eg) J for each n, Part (2) follows by (|2.9p . again. □ 
By Part (2) above, graded linear (at least) maps 

R^S 9 , S^R 9 , R^S 9 , S^R 9 
are given by t 1 rs , t rs , ri g , r^, respectively. 

2.3. Set V = i?(l). Notice from Proposition 11.21 that R is a pre-Nichols algebra 
of V in jcop^, such that RxiJ co p = (RxiJ) co p. Recall from O that S" is a 
pre-Nichols algebra of W l in ^lllyV. 

Lemma 2.5. Assume that V , W are both finite- dimensional so that R, S are locally 
finite. 

(!) T RS' t rs 9™e maps 

(2.15) R^iSy, S^R 9 

of braided graded Hopf algebras, which are graded dual to each other. 
( 2 ) T Tis' T TiS give maps 

(2.16) R^S 9 , S^R 9 

of braided graded Hopf algebras, which are graded dual to each other. 

Proof. (1) This follows from (H3J), JM]). Notice that the map R -> (S**) 9 above 
is attended by Sk° ° Tq : J — > (K cop )° , since it is so, restricted to V, and R is 
generated by V. 

(2) Similarly, this follows from (|2~T0| . (f2~TT]) ; see also Proposition O (3). □ 

Proposition 2.6. (1) T/ie following are eguivalent: 

(a) r RS is non- degenerate; 

(b) 7~i(= tvw) is non-degenerate, and R, S are both Nichols algebras; 

(c) Tfig is non- degenerate; 

(d) Ty w is non-degenerate, and R, S are both Nichols algebras. 
These conditions hold true if t is non- degenerate. 

(2) Assume that V , W are both finite- dimensional. Then the equivalent condi- 
tions given above are further equivalent to each of the following: 

(e) The maps given in V2.15)) are isomorphisms; 

(f) The maps given in 12. 1 61) are isomorphisms. 

Proof. (1) Proposition 0(2) and (|2~T2"1) prove (b) & (d). To prove (a) <=> (b), let 
T = lmr l RS denote the image of t 1 rs . We see from ()2.5j) that T is a subcoalgebra 
of the dual coalgebra S° of the algebra S; see |Sw| Section 6.0]. Moreover, T 
is a graded coalgebra, and t 1 rs : R — > T is a graded anti-coalgebra map. Since 
S is generated by W = S(l), T is strictly graded, or P(T) = T(l); see [Swl 
Section 11.2]. It follows that t 1 rs is injective if and only if t\ is injective, and R 
is Nichols. Similarly, since by (|2.6|) . t rs : S f — > Im t rs is a graded coalgebra map 
onto a strictly graded coalgebra, it follows by using Proposition 11.41 (1) that t rs 
is injective if and only if t{ is injective, and S is Nichols. These prove the desired 
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equivalence. Similarly, (c) <^> (d) follows. The last statement follows by Corollary 

1231(1). 

(2) This follows, since obviously, (a) <^> (e), (c) <^> (f). □ 

Remark 2.7. As was seen above, the graded linear map R — > S 9 given by t 1 rs is 
infective if and only if r\ is infective, and R is Nichols. 

3. Generalized q-boson algebras and their integrable modules 
Throughout this section we let 

(3.1) J, K, T , V, W, n, R, S 
be as given at the beginning of 12.21 

3.1. ^From the proof of |M2| Theorem 5.3], we see that the tensor-product algebra 
i2(g) S is uniquely deformed to such an algebra that includes R(= R<S>k), S(= k®S) 
as subalgebras, and obeys the rules of product 

(3.2) rs = r®s (reR,seS), 

(3.3) wv = t (vj,wj)vv ® w\y + t~i(v,w)1 <3 1 (v£V,w£W). 

Recall here that we take our t\(v, w) as — X(w, v) in |M2j ; see also Remark 13.31 
below. 

Definition 3.1. We denote this deformed algebra by B, and call it the generalized 
q-boson algebra associated to the data \3. 

Notice that B has 1 ® 1 as unit. Also, it is a Z-graded algebra, by counting 
degrees so that 

degi?(n) = n, degS(n)~—n (n > 0) 

3.2. To obtain a useful description of B, let r be the skew pairing given by Propo- 
sition [2Tj We set 

A = RxsJ, H = SxiK, 
so that r is defined on A®H. 

Lemma 3.2 (cf. |Luj ). (1) A is a left TL-module algebra under the action 
€>a = r(ai,(i)a 2 (aeA,S,eH). 

(2) The associated smash product AffiH is the algebra defined on A ® 7i with 
respect to the unit 1#1 and the product 

where a, (3 e A, £, i] £ TL. Here, stands for a ® £. 

(3) A linear representation vj : A#Tt — * End(^4) of A^fH. on A is given by 

w(a#0G9) = a(C >0) (a,/3 e A, £ € H). 

This is easy to see. Lu [Luj essentially proved the result above, when H is a 
finite-dimensional Hopf algebra, A = (TC cop )*, and r is the evaluation map; in this 
case, w is necessarily an isomorphism. 
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Remark 3.3. With the notation as above, cr(a<g>{;, f3<S>r)) :— e(a)r(/3, £)e(?y) defines 
a 2-cocyle on (A®TL)® 2 ; see \M2\ Proposition 2.6], for example. We see that the 
algebra Afj^TL coincides with the crossed product a (A <8> TL) associated to a, and 
with the bicleft (especially, right A®Ti.-cleft) extension over k as given in the last 
paragraph of the proof of |M2[ Theorem 5.3]. To prove the existance of such a skew 
pairing r as given by Proposition \2.1\ this last article first constructed that cleft 
extension, and then proved that the associated 2-cocyle arises precisely from the 
desired r. 

Since R, 5 are left coideal subalgebras of A = R xi J, TL — 5 x K, respectively, 
we see that R <g> 5(= (R <g> k) <g> (5 ® k)) is a subalgebra of A#H. We denote the 
resulting algebra by i?#5. 

Proposition 3.4. (1) The inclusions R, 5 =— > RjfcS uniquely extend to an al- 
gebra isomorphism B Rjj^S . 
(2) A linear representation p : R#S — > End(i?) of R#S on R is induced from 
vj so that 

p(r#s)(r') = r(s>r') (r, r' E R, s € S). 

Proof. (1) We see from (|1.8[) that the same relation as (|3.3p holds true in Rj^S. 
Therefore the inclusions above uniquely extend to an algebra map B — > R#S, which 
is an isomorphism since it is the identity map of R <g) S, regarded as a linear map. 
(2) This follows since r(s>r r ) £ R. □ 

Remark 3.5. By {2. 7| ), one sees 

(3.4) s>r = T (r ( i),s)r ( 2) (r G R, s G S). 
Let w G W(= S(l)). One then sees 

(3.5) w > rr = (w > r)r' + r(rj ,wk)tr(ws > r') (r, r' £ R). 
Thus, w acts on R as a sort of (braided) derivation. 

3.3. We will identify so as B = R#S via the isomorphism above. We regard R as 
a left £>-module by p. Notice that this B-module is Z-graded, or more explicitly 

(3.6) R(l)(S(m)>R(n)) cR(l-m + ri) (J,m,n>0), 

where we suppose R(n) = if n < 0. Set I = R® (0„ >o S{n)) in B; this is the 
left ideal generated by 5(1). We see that (3 i— > p(/3)(l) (/3 G S) induces the S-linear 
isomorphism 

(3.7) B/l^R. 

Theorem 3.6. Assume that t[ : V — > W* is injective, and R is the Nichols algebra 
of V . Then, R is simple as a left B-module. 

To prove the theorem, let first 

v:R®R 9 >-> End(#) 

denote the canonical linear injection given by 

v(r ® f)(r') = r(f, r') (r, r' G R, f G i? s ). 

Since i? is a braided Hopf algebra, we have the right i?-linear isomorphism 

X:R®R-=+R®R, X{r®r')=r {1) ®r (2) r', 



GENERALIZED q-BOSON ALGEBRAS 



11 



just as in the case of ordinary Hopf algebras. The right i?-linear dual induces a 
linear isomorphism, 

X v : End(.R) ^End(iJ). 

Lemma 3.7. Let p denote the composite \ w ° v ■ 

(1) p : R ® R 9 — + End(i?) is the linear injection given by 

H(r®f)(r')=r(f,r{ 1) }r{ 2) (r, r' G R, f G R 9 ). 

(2) The composite 

B = R®S id ^ s R®R 9 ^ End(E) 
coincides with p. 
This is easy to prove. 

Here, recall that a vector space X given a topology is called a topological vector 
space [T], if the translation y i— > x + y by each i E! I is continuous and if X 
has a basis of neighborhoods of consisting of (vector) subspaces. The topological 
vector spaces which we will encounter in this paper are all Hausdorff. An algebra 
is called a topological algebra, if it is a topological vector space and if the product 
is continuous. 

Given a discrete vector space X, present it as a directed union X = [j x X\ of 
finite-dimensional subspaces X\ C X . Then we have the canonical isomorphism 

End(X) ~ lim Hom(X A ,X). 

Through this, regard End(X) as the projective limit of discrete Hom(X>, X). Then, 
End(X) turns into a complete topological algebra; the thus introduced topology is 
independent of choice of presentations X = IJ A X\. 

Proof of Theorem YS.bX Regarding End(i?) as a topological vector space, as above, 
we claim that the image of p is dense in End(i?). Notice that x v is an isomorphism 
of topological vector spaces since x(C ® R) = C R for every finite-dimensional 
subcoalgebra C C R. It then suffices to prove that the image of the composite 
:= v o (id®r]j S ) is dense. By Remark 12.71 the assumptions imply that t 1 rs is 
injective. It follows that given a finite-dimensional subspace X C R, the composite 

s^Hr 9 — ► x* 

is surjective, whence so is the composite 

B = R ® S ^ End(.R) — > Hom(X, R), 

where the second arrows are the restriction maps. This proves the claim. Therefore, 
given a finite number of linearly independent elements r\ , • • ■ , r n in R and the same 
number of arbitrary elements r[ , ■ ■ ■ , r' n in R, there exists /3 in B such that ftrt = r[ 
for all 1 < i < n. This fact even in n = 1 proves that i? cannot include any 
non-trivial S-submodule. □ 

Definition 3.8. Let M be a left B-module. We define a subspace Mq of M by 

M = {m G M | £(1)771 = 0}. 
We also define a linear map km by 

(3.8) km ■ R ® M — > M, Kju(r ® m) = rm. 
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Lemma 3.9. Regard R ® Mo as a left B-module by letting B act on the factor R 
in R® Mq- Then, km is IB-linear. 

Proof. Let Homg(i?, M) denote the vector space of all £>-linear maps ip : R — ► M. 
By p.7p . ip >— * ip(l) gives the isomorphism 

(3.9) Horn b{Ri M) Mo- 

Moreover, km is identified with the evaluation map R ® Homg(i?, M) — > M, which 
is obviously B-linear. □ 

Theorem 3.10. Under the same assumptions as in Theorem \3.6\ we have the 
following. 

(1) Ro = k. 

(2) km is injective for every left B-module M . 

Proof. (1) By Theorem 13. 6[ R is simple. By Schur's Lemma, D := Endg(i?) is a 
division algebra, and the image Imp of p is included in End£>(.R), which implies 
that Endrj(R) is dense in End(i?). But, D then must equal k, which proves (1) by 
(EU). 

(2) Since R is simple and k = Endg(i?), it follows by |AM| Proposition 3.1] (or 
AMT, Proposition 12.5]) that the evaluation map cited in the last proof above is 
injective, which proves (2). □ 

3.4. In what follows until the end of this section we assume that V, W are both 
finite-dimensional so that R, S are locally finite. 

Definition 3.11. A left B-module M is said to be integrable, if each element 
Tji G M is annihilated by S(n), where n(> 0) is a sufficiently large integer that 
may depend on m. In the category of all left B-modules, let O(B) denote the full 
subcategory consisting of the integrable modules; this is closed under sub, guotient 
and direct sum, whence it is abelian. 

The next lemma follows by (13. 6|) . 

Lemma 3.12. The left B-module R is integrable. Moreover, if X is a vector space, 
the left B-module R ® X , in which B acts on the factor R, is integrable. 

Let Vec denote the category of the vector spaces (over k). We have functors, 

(3.10) ( ) : M i * M , 0(B) -» Vec, 

(3.11) R® : X^R®X, Vec^O{B). 

Theorem 3.13. Assume that n is non- degenerate, and R, S are both Nichols 
algebras. Then the functors ( )o, R® are guasi-inverses of each other, so that we 
have a category equivalence 0{B) s=s Vec. 

We have the natural maps 

L X ■ X -» (R®X) , L X (x) = l<S)X, 

km '■ R® M — * M, as given by (j3.8j) . 

in Vec, O(B), respectively. To prove the theorem above, notice that under (half of) 
the assumptions, tx is an isomorphism, and km is injective, by Theorem 13. 101 It 
then remains to prove that km is surjective. 
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3.5. In this subsection we do not assume the assumptions above, while we keep to 
assume that V, W are finite-dimensional. 

We will use the obvious identification B = (B^L ^ ® S(n). Set 

Z„=0i?®S(Z) (n = 0,l,---) 

l>n 

in B; this is the left ideal generated by S(n). Regard B as a topological vector space 
which has X n (n = 0, 1, • • • ) as a basis of neighborhoods of 0. Set 

oo 

B= ]J R®S(n), l n = Y[ R ® S(l) (n = 0,V)- 

n=0 l>n 

These are the completions of B, X ni respectively, and their topologies coincide with 
the direct product of the discrete topologies on R (g) S(n). 

Proposition 3.14. (1) B is a topological algebra, whence as its completion, B 
turns into a complete topological algebra. 
(2) Let M G O(B). Then the B-module structure B x M — > M uniquely extends 
to B x M —> M so that each m G M is annihilated by X n , where n(> 0) 
is some integer that may depend on m. By this extended structure, M is a 
left B-module. 

Proof. (1) Let (3 — J2i r i# s i € £>, with T{ G R, Sj G S homogeneous. One then sees 
that for each n > 0, f}I n C X ra , T n /3 C X n -i, where / = Maxjdegri}. It follows that 
the product on B is continuous, which proves (1). 

(2) Suppose that M is discrete. The integrability is equivalent to that for each 
m G M, the map B — > M given by (3 <— > (3m is continuous. The map has a 
completion B — ► M; let /3m denote the image of f3 G B. We then see that ((3, m) i— > 
(3m gives the desired structure. □ 

By Part (2) above, 0(B) is now naturally identified with the category of those 
left B- modules M in which every element m G M is annihilated by some X n . 

3.6. Here we assume that the assumptions of Theorem 13 . 1 31 are satisfied, or equiv- 
alently that trs '■ R ® S — » k is non-degenerate; see Proposition 12.61 By Corollary 
12.41 (2). this last is equivalent to that Tm n \s(n) '■ R(n)®S(n) — > k is non-degenerate 
for each n > 0. Choose bases (r< n ) of R(n), and (sj n ) of S'(n) which are mutually 
dual with respect to Tm n \s(n)- 

Definition 3.15. Let S denote the antipode of the braided graded Hopf algebra R, 
and define 

oo 

7 = ^2^2S(n n )#s ln in B. 

n=0 i n 

We call this 7 the extremal projector. 

The definition above is independent of choice of dual bases, as will be seen from 
the proof of Part (1) of the proposition below. 

We remark that the antipode S of R is bijective. This follows from the formula 
given in (R[ Proposition 2 (b)], since the antipode of J, and hence that of A are 
both bijective. 
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Proposition 3.16. (1) 7 is an idempotent in B such that 
S(n)"f = = 7-R(n) for all n > 0. 

(2) The infinite sum ^^Lq X); r i n l s i n converges in B to the unit 1. 

(3) Let M S 0(B). Then, 

7- : M — > Afo, to 1— ► 7TO 
gives a projection from M onto the subspace Mq. 

Proof. (1) Since r£, s : 5 — > i? s is now an isomorphism, we see from the proof of 
Theorem 13.61 that p : B — ► End(i?) is injective. Moreover, this is continuous, and 
its completion gives an isomorphism 

p : B -=-> End(i?) 

of topological algebras. We see 

00 

n — i n 

= <5(r (1) )r (2) = e(r)l, 

so that ^(7) equals the projection i? — > R given by r 1— > e(r)l. This proves (1). 

(2) This follows, since r in ^s iTi G X„, and we see 

oc oc 
n— n—0 i n 

(3) If m £ M, s £ 5(1), then sf^rn) = (s'y)m — by (1), whence 7m £ Mo. If 
771 G Mo, then it is annihilated by all Si n , where n > 0, and hence 7771 = to. These 
two prove (3). □ 

Proof of Theorem 3.13. To prove the remaining surjectivity of km, let to G M (g 
0(B)). Then by Part (2) above, 

00 

(3.12) to = ri n jSj n m. 

n—0 

Notice that by the integrability, this infinite sum is essentially finite. Since jSi n m G 
Mo by Part (3) above, we see to G RMq, which proves the desired surjectivity. □ 

Remark 3.17. In the situation of Theorem \3.13[ assume that one of R, 5 is finite- 
dimensional. Then both of them, and so B are all finite-dimensional. Moreover 
one sees from the proof of Theorem \3.6\ that p gives an isomorphism B End(i?), 
whence B is a matrix algebra, up to isomorphism. The category 0(B) consists of 
all left B-modules, and the category equivalence O(B) rj Vec given by Theorem \3.13\ 
coincides with the familiar one. 

4. Generalized g-BosoN algebras associated to generalized 
Kac-Moody algebras 

Throughout this section we assume that the characteristic of k is zero, and let 
qek\0. 
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4.1. We assume that q is transcendental over Q. Let I be a countable index set, 
A = (aij)ijei a symmetrizable Borchcrds-Cartan matrix, and m = (rrii \ i 6 J) a 
sequence of positive integers. Kang [Kan denned the quantized enveloping algebra 
U = U q associated to A, m. We refer to |KT| for the definition, and let the symbols 

m, a,, (h I h'), Ci, q h , e lk , f ik , K h U°, U ± , U^°, 

be the same as given in |KT[ pp. 348-350]. In particular, the zero part U° of U is 
the group algebra kP v of the group P v of the dual weight lattice as given in |KT| 
(1.1)]. To apply the results obtained in the preceding sections, we will work in the 
special situation that J = K = U°. Set 

and let V denote the subspace of U-° spanned by all f ik . Let W denote the 
subspace of U + spanned by all a k . Then, V, W turn into objects in ^oYD with 
respect to the structures 

q h eik = q a ' W e lk , e ik h-» Ki ® e lk , 

where h E P v , i £ I, 1 < k < m,. Let R denote the subalgebra of U-° generated by 
V. Let S stand for U + , which is by definition the subalgebra of U-° generated by 
W. We then see that R, S are naturally pre-Nichols algebras of V, W, respectively, 
so that 

RxiU° = U-°, SxU° = U-°. 
Notice that if S denotes the pode of U-°, 

S(fk)=Mik, (R=)S(R) = U-. 

By |KT|, Proposition 2.1] (or our Proposition 12. ip . the pairing tq : U° <£> U — > k 
given by 

r Q {q h ,q h ') = q- Wh ' ] %ti G P V ) 
uniquely extends to a skew pairing r : U-° ® U-° — » k so that 

r(q h ,e ik ) = = r(f! k> q h ), 
T(fji,e ik ) = SijS k i 

where h € P v , i, j G /, 1 < k < rrii, 1 < I < rrtj. As is seen from the remark 
following Proposition 12.11 (or seen directly) , the restriction t\ : V <E) W — > k of r 
satisfies (I2.ip . (|2.2p . and is obviously non-degenerate. Let B denote the associated 
generalized g-boson algebra. Then, B is generated by all f' ik , a k , and is defined by 
the relations (R5) - (R8) in |KT|, p. 349], in which f ik should read f- k , and by 

e ikf'fl = qijfji^ik + SijS k i, 

where i, j 1 6 /, 1 < k < rrii, 1 < I < m^, and we have set 
(4.1) qij = q s^(= q - s ^). 

By [KH Theorem 2.5], the skew pairing r above is non-degenerate, whence R, S 
are Nichols algebras, by Proposition 12.61 (1). 
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As was seen in 13.21 R has a natural left £>-module structure, in which each f' ik 
in B acts by the left multiplication. One sees from (13. 5p that acts so as 

t 

(4.2) e lk > f' jih ■ ■ ■ f' jth = kj p hl p qih ■ ■ ■ Qij p -xfhh ' ' ' fj P l P ' ' ' fhlt' 

P =i 

where qij is such as given in (|4.1[) . and "~ means an omission. By Theorems 13.61 
13.101 we have the following. 

Theorem 4.1. (1) R is simple as a left B-module. 

(2) Given a left B-module M , set 

Mq = {m £ M | e^TO = for all i £ 1,1 < k < m,}. 

Then, 

km : R ® Mo — > M, Km ( r ® ™) = rm 

is a B-linear injection. 

(3) In particular, Rq = k. 

4.2. Keep £! as above. Since V, W can be infinite-dimensional, we need to modify 
the definition of integrable £>-modules. 

Definition 4.2. A left B-module M is said to be integrable, if for each m E M, 
there exist an integer n > and a finite subset F C I such that m is annihilated by 
the product e^ki • ■ ■ ^i t k t °f length t > 0, if t > n, or if i p F for some 1 < p < t. 
In the category of all left B-modules, let O(B) denote the full subcategory consisting 
of the integrable modules; this is abelian, being closed under sub, quotient and direct 
sum. 

If the index set I is finite, the definition above coincides with Definition 13.111 
Lemma 4.3. The left B-module R is integrable. 

Proof. This is seen from (|4~2|) . □ 

Theorem 4.4. We have a category equivalence 

0(B) « Vec, 

which is given by the mutually quasi-inverse functors R(£>, ( )o defined by \3.10} ), 

Remark 4.5. To prove this theorem in the same way of the proof of Theorem \3.13\ 
we remark that the argument in \ 3.5\ \3.bl can be modified, as follows, so as to fit 
in with the present situation. We may suppose that the index set I is (countably) 
infinite since if it is finite, we do not need any modification. 
(1) Given a subset F C I , we define 

A F = (aij) iijBF , mi = (mj | i G F) 

with the restricted index set. Since Ap is still a symmetrizable Borcherds-Cartan 
matrix, we have the quantized enveloping algebra Uf, say, associated to Ap, nip. 
LetRp, Sp, Bp denote the associated objects corresponding to R,S,B, respectively. 
Notice that Rp C R, Sp C S , and so Bp C B, since Rf, Sp are Nichols. If F is 
finite, the completion Bp of Bp is defined so as in \3.5\ 
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(2) Recall that S(l) (— W) has a basis, (eik \ i € I, 1 < k < mi). For a subset 
F C I, the subobject Sp(l) 0/5(1) in y yT) has a basis, (eik | i £ F, 1 < k < rrii). 
We have a projection ttf ■ S(l) — ► Sf(1) given by 



Tr F (e 



,.k) 



e ik ifieF, 
otherwise. 



This uniquely extends to a projection S — > Sp onto the braided graded Hopf subal- 
gebra Sf C S, which we call ttf- One sees that the kernel Ker7rp is the ideal of S 
generated by all dk with i F '. 

(3) In what follows we restrict the subsets F <Z I in our consideration, only to 
finite ones. The pairs (n, F) of an integer n > and a finite subset F C / form a 
directed set with respect to the natural order which is defined so that (n, F) < (I, G) 
if n < I and F C G. Given such a pair (n,F), define a left ideal of B by 

l niF := Q R® S(l) + R®Kerir F . 

l>n 

Notice that if (n,F) < (l,G), then I n ,F 3 Ti.g, whence (2n,_F) form a projective 
system. We can regard B as a topological vector space which has (I n ,F) as its 
basis of neighborhoods ofO. By modifying the proof of Proposition \3. 14\ we see the 
following. 

(i) B is a topological algebra, whence its completion B is a complete topological 



(ii) An object in 0(B) is precisely a left B-module M such that each element 
m G M is annihilated by some T n .F- Such a module in turn is identified 
with a left B-module M such that each element m £ M is annihilated by 
the completion T„,F of some I n ,F- 
(4) We claim that the linear representation p : B — > End(i?) is continuous, 
and its completion gives an isomorphism p : B ^ End(-R) of complete topological 
algebras. To see this, notice that B is the projective limit ofY\^ =0 R®SF(n) along 
the projections 

oc oo 

Y[ R® S G (n) -> Y[ R® S F {n) (FcGcJ) 

n=0 n=0 

analogously defined as the ttf above, while End(i?) is the projective limit o/Hom(i?F, R) 
along the restriction maps Hom(i?G,i?) — > Hom(i?i?, R). The claim then fol- 
lows since we see as in the proof of Theorem \3.6\ that the linear representations 
Bp — > Eiid(i?i?),. with S®s F applied, give rise to isomorphisms 

oc 

Y[ R ® S F (n) Rom(R F , R) 

n=0 

of complete topological vector spaces, which are compatible with the projective sys- 
tems on both sides and whose projective limit coincides with p. We define the 
extremal projector 7 in B to be a unique element such that p(j)(r) — e(r)l for 
every r £ R. By this definition, 7 has the same property as described in Part (1) of 
Provosition \3. lb\ We see that this 7 is characterized as the element which for every 
finite F C I, is mapped by the projection B — > IlJ^Lo ^ ® ^F(n) to the extremal 
projector in Bf as defined by Definition \3.15\ 
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(5) For each integer n > 0, we can choose a basis (s p \ p G X(n)) of S(n) so 
that each s p is a monomial in at of length n. For a finite subset F C I , let X_f(t7) 
denote the set of those indicies p £ X(n) for which s p is a monomial only in Cik 
with i G F. Then, (s p \ p G Xp(n)) is a basis of Spin). Set 

oo 

X = I I X(n), X n , F = |_J X F (l)- 

n—0 l<n 

Then we have 

B = (^R®s p , X n>F = (J) R<Z)s p , B=Y[R® s p, Zn,F= Jl R ® s p- 

pGX p£X n ,F pGX p^X n ,F 

Let S denote the antipode of R. Since it is bijective (see the remark just above 
Proposition 1 3. 16\) . there uniquely exists a family (r p \ p G X) of elements in R such 
that 

1 = ^S{r p )®s p . 
pex 

The characterization of 7 noted last in (4) above proves that for each pair (n,F), 
(r p | p G Xf(n)) is the basis of Rp(n) dual to (s p p £ X^ (n)), and so that 
(r p \ peX) is a (unigue) basis of R such that r(r p , s q ) — 5 pq . Obviously, 7 has the 
same property as described in Part (3) of Proposition [3. 1 61 The statement of the 
remaining Part (2) is modified so that the sequence 

r pls P (e B) 

P&X n ,F 

directed by the pairs (n,F) converges in B to the unit 1. 

Proof of Theorem \4-4\ We may suppose as above that / is infinite. To prove the 
remaining surjectivity of km, let m G M (g 0(B)). Then the last statement of 
Remark 14.51 proves 

7?i = (lim \ r p ~fs p )m = lim( > r p ^fs p m). 

n,F t-~< n p i-^i 

p€LX„ t F p£X„,F 

By the integrability this last limit equals the finite sum X] p e3e F r pl s p m i where 
(77, F) is large enough. The desired surjectivity follows since 7S p m G Mq by the 
property S(n)j — (n > 0); see Remark |4~B1 (4) . □ 

Remark 4.6. Tan [Tan|, Proposition 3.2(3)] asserts essentially the same result as 
above, in the slightly specialized situation when all mi equal 1 . But, the argument of 
his proof, asserting that Xg(u2) = X on Page 434-6, line-3, is wrong. His definition 
of integrability given in jTanl p. 4343, lines 3-5] is incomplete, I think. 

4.3. Suppose in particular that the index set / is finite, A is a symmetrizable gen- 
eralized Cartan matrix, and all equal 1. Let e^, fi denote the present generators 
en, fn of U + , U~, respectively. In this specialized situation the result essentially 
the same as our last theorem was first announced by Kashiwara [K, Remark 3.4.10], 
and then proved by Nakashima [NJ Theorem 6.1], who introduced the extremal pro- 
jector in his situation; cf. Definition 13.151 More precisely, Nakashima worked on 
the algebra B = B q (o), which is bigger than our B, including U°, too. We remark 
that his B coincides with the (U, £/')-bicleft extension over k which was given by 
\M1\ Proposition 4.9], where U' denote the (graded) Hopf algebra defined just as 
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U, but the relation [ei, fj] = Sij^ (Ki — ) is replaced by [ei,fj] = 0. We 
also remark that Nakashima's [N] Theorem 6.1] can be reformulated as a category 
equivalence between 0(B) and the category of all P-graded vector spaces, where 
P denotes the group of the weight lattice; see [Nj p. 286]. 

4.4. Suppose further that the generalized Cartan matrix A is of finite type. We 
choose a diagonal matrix ES> = diag(si | i £ I) which makes DA symmetric, in 
the standard manner so that 1 < s,; < 3, in particular. Suppose that q is a root 
of 1 whose order N, say, is odd, and is not divided by 3 if the Dynkin diagram 
of A includes a connected component of type Gi- The Frobenius-Lusztig kernel 
u = u q is the finite-dimensional quotient Hopf algebra of U — U q subject to those 
relations which say that the iV-th powers of q h (h G P v ) and of the positive root 
vectors in U ± are 1 and 0, respectively; see [L]. Let w°, u-°, u-°, R', S' denote the 
natural images of U, £/-, U-°, R, S, respectively, in u. It is known that R' , S' are 
Nichols algebras in f o yT> so that R' xi u° = u^°, S' xiu" = u^°. We see that the 
skew pairing r above factors through u— <g> it- — > k, which is a non-degenerate 
skew pairing. Therefore, to the associated generalized q-boson algebra now of finite 
dimension, Remark 13 . 1 71 can apply. 

Acknowledgments 

The author would thank the rcfrcc for his or her helpful comments which contain 
especially a hint to improve the exposition of Subsection 4.2. 

References 

[AM] K. Amano and A. Masuoka, Picard-Vessiot extensions of artinian simple module algebras, 

J, Algebra 285(2005), 743-767. 
[AMT] K. Amano, A. Masuoka and M. Takeuchi, Hopf algebraic approach to Picard-Vessiot 

theory, in: M. Hazewinkel (ed.), "Handbook of Algebra Vol.6", 2009, Elsevier. 
[AS] N. Andruskiewitcsch and H.-J. Schneider, Pointed Hopf algebras, in: S. Montgomery et al. 

(eds.), "New Directions in Hopf Algebra Theory", MSRI Publ. 43(2002), Cambridge Univ. 

Press, pp. 1-68. 

[DT] Y. Doi and M. Takeuchi, Multiplication alteration by two-cocycles - the quantum version, 

Comm. Algebra 22(1994), 5715-5732. 
[J] A. Joseph, "Quantum Groups and Their Primitive Ideals", Ergebnisse der Mathematik 

und ihrer Grcnzgcbictc, Band 29, 1995, Springer. 
[Kan] S.-J. Kang, Quantum deformations of generalized Kac-Moody algebras and their modules, 

J. Algebra 175(1995), 1041-1066. 
[KT] S.-J. Kang and T. Tanisaki, Universal R-matrices and the center of the quantum generalized 

Kac-Moody algebras, Hiroshima Math, J. 27(1997), 347-360. 
[K] M. Kashiwara, On crystal bases of the g-analogue of universal enveloping algebras, Duke 

Math. J. 63(1991), 465-516. 
[Lu] J.-H. Lu, On the Drinfeld double and the Heisenberg double of a Hopf algebra, Duke Math. 

J. 74(1994), 763-776. 

[L] G. Lustzig, Quantum groups at roots of 1, Geom, Dedicata 35(1990), 89-114. 

[Ml] A. Masuoka, Abelian and non-abelian second cohomologies of quantized enveloping alge- 
bras, J. Algebra 320(2008), 1-47. 

[M2] A. Masuoka, Construction of quantized enveloping algebras by cocycle deformation, The 
Arabian Journal of Science and Engineering - Theme Issues, Vol.33, No.2C(2008), 387-406. 

[Mo] S. Montgomery, "Hopf Algebras and Their Actions on Rings", CBMS Conf. Series in Math. 
82, Amer. Math. Soc, Providence, RI, 1993. 

[N] T. Nakashima, Extremal projectors of q-boson algebras, Commun. Math. Phys. 244. (2004), 
285-296. 

[R] D. Radford, The structure of Hopf algebras with a projection, J. Algebra 92(1985), 322-347. 



20 



AKIRA MASUOKA 



[RS] D. Radford and H.-J. Schneider, Biproducts and two-cocycle twists of Hopf algebras, in: 
T. Brzeziriski et al. (eds.), "Modules and Comodules", Trends in Mathematics, Birkauscr, 
Basel, 2008, pp. 331-335. 

[Sw] M. Sweeder, "Hopf Algebras" , Benjamin, New York, 1969. 

[T] M. Takeuchi, Topological coalgebras, J. Algebra 97(1985), 505-539. 

[Tan] Y. Tan, The g-analoguc of bosons and Hall algebras, Comm. Algebra 30(2002), 4335-4347. 
[Ts] T. Tanisaki, Killing forms, Harish-Chandra isomorphisms, and universal R-matrices for 
quantum algebras, Inter. J. Mod. Phys. A7, Suppl. 1B(1992), 941-961. 

Institute of Mathematics, University of Tsukuba, Ibaraki 305-8571, Japan 
E-mail address: akiraamath.tsukuba.ac.jp 



